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Abstract 

We discuss long-baseline neutrino oscillations in the framework of the two 
4-neutrino schemes which can accommodate all existing neutrino oscillation 
data. Negative results of short-baseline reactor and accelerator experiments 
allow to obtain rather strong bounds on the long-baseline v e — > v e andt^— >v e 
transition probabilities. We consider in detail matter effects and show that 
the vacuum bounds are not substantially modified. We also comment on 
corresponding bounds in 3-neutrino scenarios. 

14.60.Pq, 14.60.St 



1 



Typeset using REVTeX 



I. INTRODUCTION 



The problem of neutrino masses and mixing (see, for example, Refs. ]l]-§J) is the central 
issue of modern neutrino physics. A new stage in the investigation of this problem is repre- 
sented by long-baseline (LBL) neutrino oscillation experiments: CHOOZ |J, Palo Verde 
§, Kam-Land 0, K2K § (KEK-Super-Kamiokande), MINOS § (Fermilab-Soudan), 
ICARUS |Hj (CERN-Gran Sasso). The major goal of these experiments is to reach the sen- 
sitivity of the "atmospheric neutrino range" -j- 10~ 2 eV 2 for the neutrino mass-squared 
difference. 

Concerning reactor experiments, the first LBL experiment CHOOZ is taking data now, 
the Palo Verde LBL experiment will start later this year and the Kam-Land experiment is 
scheduled to start in the year 2000. The accelerator LBL experiment K2K is planned to 
begin taking data in the year 1999, whereas the MINOS and ICARUS experiments will start 
in the first years of the next millennium. 

What implications for future LBL experiments can be inferred from the results of short- 
baseline (SBL) neutrino oscillation experiments and solar and atmospheric neutrino experi- 
ments? We will consider here this question in the framework of two models with four massive 
neutrinos that can accommodate all the existing data on neutrino oscillations. 

The results of many neutrino oscillation experiments are presently available. Indications 
in favour of neutrino oscillations were found in solar neutrino experiments (Homestake ||11|| , 
Kamiokande fll2 l, GALLEX SAGE and Super-Kamiokande fl5|]), in atmospheric 
neutrino experiments (Kamiokande [|16[j, 1MB ]I7|j, Soudan |18| and Super-Kamiokande |T9[ ) 
and in the LSND experiment f20fl . The data of these experiments can be explained if there 



is neutrino mixing with the following values of neutrino mass-squared differences: 



Am sun ~ 
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or 10" 5 eV z 



A ™atm ~ 
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The two estimates of Am 2 un refer to the vacuum oscillation solution 



121 



solution ||,|| 



and the MSW 

respectively, of the solar neutrino deficit. The estimate of Am 2 tm derives 



from the zenith angle variation of the atmospheric neutrino anomaly. It has so far only been 
observed by Kamiokande |16| and Super-Kamiokande JT^]. From the analysis of the data 
of the LSND experiment and the negative results of other SBL experiments (the strongest 



limits are provided by the Bugey [21] and BNL E776 |25|] experiments), it follows that 



0.3 < Am 2 SND <2.2eV 2 . 



;i.2) 



There are also data of many different reactor and accelerator short-baseline neutrino 
oscillation experiments in which no indication in favour of oscillations was found (see the 
reviews in Ref. [[261 ). 

Three different scales of mass-squared differences require schemes with (at least) four 
massive neutrinos [f2~7] -|3~OH (see, however, Refs. |3l"l-j33|l for scenarios with three massive neu- 
trinos and Ref. pi for comments on these scenarios). In Refs. |2T||3"0"| all possible 4- neutrino 



mass spectra with the solar, atmospheric and LSND mass-squared difference scales were 
considered. It was shown that only two of these schemes are compatible with all the existing 
data. In these two schemes the four neutrino masses are divided into two pairs of close 
masses separated by a gap of the order of 1 eV, which gives Am 2 SND = Am 2 x ~ leV 2 : 
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atm sun 
(A) mi < 1712 "C ITL3 < WI4 
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and 



(B) 



sun atm 
mi < 7712 <C < m4 
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LSND 



In scheme A, Am| = Am^ tm is relevant for the explanation of the atmospheric neutrino 
anomaly and Am 2 3 = Am 2 un is relevant for the suppression of solar z/ e 's. In scheme B, the 
roles of Am\\ and Am^ are reversed. 



In the framework of the schemes (1.3|), the probabilities of SBL transitions have the form 
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which are similar to the standard two-neutrino transition probabilities. From now on we 
use the notation Am 2 = Am^ = m\ — m\ for the SBL mass-squared difference, L is the 
source-detector distance, p is the neutrino momentum and the oscillation amplitudes are 
given by 



B n 



E vpv* 



k=l,2 



E u ^ 



k=3A 



;i.6) 



i^r) fi-E 

\fe=l,2 / \ fc=l,2 / 

m £ i^i 2 ) f 1 - £ i^i 2 ) • 

\fe=3,4 / \ fc=3,4 / 



;i.7) 



where U is the unitary mixing matrix that connects flavour and sterile fields with the fields 
of neutrinos with definite masses: 



E^ 



[a = e, /x, r, s) . 



;i.8) 



*!=i 



Eqs. fll.5p and (L~7) and SBL disappearance data lead to further information on the 
schemes A and B. From the exclusion plots obtained in the Bugey [24], CDHS [35] and 
CCFR f36| disappearance experiments, it follows that 



B nn < B„ 



(a = e, 11) . 



;i.9) 



The values of these upper bounds depend on Am 2 . We have considered the range 

lO^eV 2 < Am 2 < 10 3 eV 2 . (1.10) 
In this range of Am 2 the amplitude B®. e is small, whereas is small for Am 2 > 0.3 eV 2 . 
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Taking into account the results of solar and atmospheric neutrino experiments, for the 
elements of the mixing matrix we have the following bounds in the two schemes ( |1.3|) : 



where 



(A) c e <a°, c M >l-a^, (1.11) 

(B) c e >l-a°, c M <a° (1.12) 



c a = J2 l^l 2 ( L13 ) 

k=l,2 

and 

a° a =~(l-^l-B% a ) (« = e,/i). (1.14) 

The values of a° e and a° are given in Fig. 1 of Ref. [0 (one can see that a° e < 4 x 10~ 2 for 
Am 2 in the range (|1.10|) and a < 10" 1 for Am 2 > 0.5 eV 2 ). 



In the following we will use also the bounds on the amplitude of v„— >v e transition which 



can be obtained from exclusion plots of the BNL E734 |3§, BNL E776 |2§ and CCFR |9 
appearance experiments. Thus, we can write 

A^<4;e, (1-15) 

where the value of A°. e corresponding to each value of Am 2 can be obtained from the 
combination of these exclusion plots. 

In this paper we will show that, in the framework of the two schemes (|1.3| ), rather 



strong limits on the LBL v e — > v e and i^— »fe vacuum transition probabilities are obtained. 
The first of these channels will be investigated in the CHOOZ, Palo Verde and Kam-Land 
experiments and the second one by the K2K, MINOS and ICARUS collaborations. There 

are no similar limits on the probability ofV^— ^ and >W oscillations. 

Furthermore, we will consider in this paper the LBL transition probabilities of the v e — > v e 

and ^v^—^Ve channels in the presence of matter. We will show that the vacuum bounds are 
not substantially modified by matter corrections. 

Let us stress that the bounds on the LBL transition probabilities that we have obtained 
are general, but are heavily based on the existing neutrino oscillation data and in particular 
on the LSND data. If the LSND indications in favour of — > v e oscillations will not be 
confirmed by the future experiments, these bounds will not be valid. 

Future measurements by LBL experiments of v e v e and/or ^v^—^Ve transition proba- 
bilities that violate the bound presented in this paper would allow to exclude the 4-neutrino 
schemes (|1.3|). 



II. VACUUM BOUNDS FOR LBL NEUTRINO OSCILLATIONS 
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A. The case Am 2 un L/2p < 1 

In scheme A, the probabilities of v a — > z/g and z/ a — > up transitions in LBL experiments 
are given by 



p(LBL,A) 



-j(LBL,A) 



UpiU* al + U 02 U* 2 exp -i- 



U*p x U al + U* 02 U a2 exp ( -i- 
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(2.1) 
(2.2) 



These LBL formulas are derived by taking into account the fact that - apart from Kam- 
Land with the MSW solution of the solar neutrino deficit (see next subsection) - in LBL 
experiments Am1 3 L/2p <C 1 and dropping the terms proportional to the cosines of phases 
much larger than 2tt (we have Am 2 k -L/2p ^> 2n for k = 3,4 and j = 1,2), which do not 
contribute to the oscillation probabilities averaged over the neutrino energy spectrum. The 
transition probabilities in scheme B ensue from the expressions 
change 



3D and O with the 



1,2^3,4 



(2.3) 



Since scheme B emerges from scheme A by the substitution Q2.3| ) and since we will derive 
bounds on the LBL oscillation probabilities P^\ B f_^ and P^\ B ^f as functions of A a -p, c a and 

cp, it is evident that such bounds apply equally to both schemes A and B and to neutrinos 
and antineutrinos by virtue of the definitions ( |L6|) and ( 1.1 3|) . Consequently, when dealing 
with such bounds we will omit the superscripts A, B indicating the specific scheme. 

To derive limits on the LBL oscillation probabilities which are given by the results of the 
SBL oscillation experiments we apply the Cauchy-Schwarz inequality. It implies for scheme 
A that 



E 

fc=l,2 



U P k U* k exp 



2p 



< C a C{3 



(2.4) 



Using this inequality and the definition ( |1.13| ) of c a , we find from the LBL probabilities in 
Eqs.(|2.1|) and (|2.2| ) that the survival probabilities Pv^u a and P^^ a are bounded by 



:i-c 



f < < 4 + a 



(2.5) 



As explained before these bounds are scheme-independent. In order to obtain bounds on 
the LBL transition probabilities Pv^+vp and P§^^ with (3 ^ a, we take into account the 
definition (|1.6|) of A a .^ and the inequality (|2.4j) . When inserted into Eqs. (|2~4] ) and (|2.2|) they 
imply 



1 

4 



- A*;/3 < P^ B ^ <C a C(3 + 7 A a . p . 



1 

4 



(2.6) 
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The bounds ( p.5|) and ( |2.6| ) are the basis of the following considerations for the different 
oscillation channels in LBL experiments. 

The smallness of c e in scheme A (see Eq. ( |1 . 1 1|) ) implies that the electron neutrino has 
a small mixing with the neutrinos whose mass-squared difference is responsible for the os- 
cillations of atmospheric and LBL neutrinos (ui, U2 in scheme A). Hence, the probability of 
transitions of atmospheric and LBL electron neutrinos into other states is suppressed. In- 
deed, taking into account the constraint c e < a°, the lower bound on P^^p e and the upper 
bounds on i?_^ B ,_. which we will derive are rather strict. 

Let us discuss first the bounds on the LBL survival probability Pj£^fj} e . With the con- 
straint Ql.lip on c e , Eq.( |2.5| ) implies that in both schemes A and B 



1 - < a° (2 - al) . (2.7) 

The curve corresponding to this limit obtained from the 90% CL exclusion plot of the Bugey 



23 1 experiment is shown in Fig. |T] (solid line). For comparison, the expected sensitivities of 
the LBL reactor neutrino experiments CHOOZ and Palo Verde are also shown in Fig. [I] by 
the dash-dotted and dash-dot-dotted vertical lines, respectively. These expected sensitivities 
with respect to 1 — P^^l have been extracted by us from the figures presented in Refs. 

showing the sensitivity of the respective experiments in the two-generation sin 2 2'd-Sm 2 
plane (here $ is the mixing angle and 5m 2 is the mass-squared difference), using the fact that 
for high values of 5m 2 each experiment is sensitive only to the averaged survival probability 
Pd^dI — 1 ~~ \ sm2 2$. Thus, the vertical lines in Fig. [I] correspond to \ sin 2 2$ at high 
Sm 2 in the figures presented in Refs. |5]||. The case of the Kam-Land experiment will be 
discussed in sections [II B| and [Qj. 

Figure [I] shows that, in the framework of the two schemes ( |1.3j ) with four neutrinos, which 
allow to accommodate all the indications in favour of neutrino oscillations, the existing data 
put rather strong limits on the probability of LBL transitions of v e into other states (for 
Am 2 > 3 eV 2 the upper bound for 1 — Pp^p is close to the border of the region of sensitivity 
of the CHOOZ experiment, whereas for Am 2 < 3eV 2 it is much smaller). 

The shadowed region in Fig. |1| corresponds to the range ( pL .2| ) of Am 2 allowed at 90% 
CL by the results of the LSND and all the other SBL experiments. It can be seen that the 
LSND signal indicates an upper bound for 1 — P§^p e of about 5 x 10~ 2 , smaller than the 
expected sensitivities of the CHOOZ and Palo Verde experiments. 

Let us stress that, in the framework of the schemes under consideration, the smallness 
of c e is a consequence of the solar neutrino problem. Consider for example scheme A. The 
probability of solar neutrinos to survive is given by 

p&£> = E i^i 4 + f 1 - E i^i 2 ) p S&. . ( 2 - 8 ) 

k=l,2 \ fc=l,2 / 

where PvJ^v e is the survival probability due to the mixing of v e with v 3 and z/ 4 , depending 
on the small mass-squared difference Am] 3 . From the results of SBL reactor experiments 
it follows that the quantity c e = \U e k\ 2 can be small or large (close to one). In order 

fc=l,2 



6 



to have the energy dependence of the survival probability Pit^'J^ and the suppression of 
the flux of solar z/ e 's that are required for the explanation of the data of solar neutrino 
experiments, we must choose a small value of c e . In this case, the survival probability of 
z/ e 's in LBL reactor experiments is close to one. 

We want to emphasize that from the constraint on a° in Eq. fll.lip and from Eq. fl2.5p no 



non-trivial bound on the v^—^v^ survival probability can be derived. 

Let us now discuss the bounds on v^-^v^ transitions in LBL accelerator experiments. 
We will compare these bounds with the expected sensitivities of the K2K ||, MINOS @ 
and ICARUS |10| experiments. Taking into account the constraints ( |1 . 1 1| ) on c e and (|1.15|) 
on A^. e , Eq.( [2.6|) implies that in both schemes A and B 

P^<< + \K,- (2-9) 



Conservation of probability and Eq.(|2.5|) lead to a further upper bound: 

P^ < 1 " Pil^l <c a (2- c a ) (a ? (3) . (2.10) 

In general P^tj a can be different from P^^J^ (if CP is violated in the lepton sector), 
but conservation of probability gives the same upper bound as Eq.( [2.10|) for the opposite 
transition vp — > v a : 

PS^L ^ 1 " ^ c « ( 2 - c «) (2- 11 ) 

Finally, these two equations hold evidently also for antineutrinos. Thus from Eq. (|2.11|) and 
the constraint ( |l.lip on c e we obtain 



P [ ^ ) <al(2-a° e ) . (2.12) 

Numerically, this bound is better than the bound ( |2lf ) for the SBL parameter Am 2 < 
0.4 eV 2 . 

Combining Eqs. (|2.9| ) and (|2.12| ), we finally arrive at 



< minU (2 - al) , a° + \ A%) . (2.13) 

The curve corresponding to this limit obtained from the 90% CL exclusion plots of the Bugey 
H experiment for a° e and of the BNL E734 ||, BNL E776 || and CCFR ||] experiments 
for A°^. e is shown in Figs. |2] and by the short-dashed line. For comparison, the expected 
sensitivities of the LBL accelerator neutrino experiments K2K ||, MINOS and ICARUS 
|I(J are also indicated (the dash-dotted vertical line in Fig. |2] and the dash-dotted and dash- 
dot-dotted vertical lines in Fig. ^|, respectively). These sensitivities have been obtained from 
the figures presented in Refs. P|-|TT]|] showing the sensitivities of the respective experiments 
in the two-generation sin 2 2d-5m 2 plane with the method explained in the context of LBL 
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reactor experiments. Note, however, that the short-dashed lines in Figs. ^ and |3] have to be 
corrected for matter effects. This will be done in the next section.^] 

The shadowed areas in Figs. |2| and |3| represent the range (O). The LSND |^0| experiment 
also supplies the lower bound in vacuum 



iA™<^ B % (2.14) 



where A™™ is the minimal value of A^ e allowed at 90% CL by the LSND experiment. 
Evidently, A™™ only exists for the range Q and the function \A™* of Am 2 is represented 
in Figs. H and |3| by the left edge of the darkly shadowed regions. These regions extend to 
the right until they reach the bound (|2.13|). 



Figs. [| and |^ show that, in the framework of the schemes under consideration, the 
sensitivities of the MINOS and ICARUS experiments are considerably better than the upper 
bound ( |2.13| ) for i?f^ B ,H. The sensitivity of the K2K experiment does not seem to be sufficient 



to reveal LBL { v il —>v ( , oscillations, but matter corrections soften the bound ( |2.13| ), as we 
will discuss quantitatively in the next section. It is interesting to observe the existence of 
the lower bound ( |2.14| ) on this transition probability that follows from the LSND results. 
However, this lower bound is valid only in the case of LBL neutrino oscillations in vacuum. 
The corrections due to the matter effects in LBL experiments make it disappear (see section 
0). 

In vacuum, the right-hand side of Eq.( [2.12|) is at the same time an upper bound on 
P_^ B J_Y This is evident from Eq.( |2.10| ). The bound ( |2.12j ) is quite prone to matter effects. 

On the other hand, the probability of v ili ^v T transitions is not constrained by the results of 
SBL experiments. 

Finally, a further upper bound on P^^K for a ^ (3 is gained from Eq.(|2lJ). Since 
A a] p < 4(1 — c a )(l — cp), we have 

Obviously, if c a = cp = or 1 is in the allowed range of these quantities, then this upper 
bound is 1 and thus is trivial. This leaves only a = fx and (3 = e as a non-trivial case, with 



P ( ^ ) <a° e + al-2a° e al (2.16) 



The dotted curves in Figs. [2] and |3] show this limit with a° e and a° obtained from the 90% 
CL exclusion plots of the Bugey [f24] v e — > v e experiment and of the CDHS |35| and CCFR 



1 36] v M — > v M experiments, respectively. For a <C aP e <C 1 this bound is about half of that 



The short-dashed lines in both figures are identical, however, they receive different matter cor- 
rections for K2K on the one hand and MINOS and ICARUS on the other hand. This will become 
clear in the next section. 
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given by Eq. ( |2.12| ). However, since a° is only small in the same range of Am 2 where A°^. e is 
small, numerically the bound (|2.16|) , which is stable against matter effects, turns out to be 
worse than the bound (|2.9j) in its matter-corrected form (see section PH ). 

B. The case Am 2 un L/2p ~ 1 
If the MSW effect is responsible for the solar neutrino deficit the phase 

r, = (2.17) 

is not necessarily negligible in LBL reactor experiments. Indeed, we have 

n ~ 2.5 x 10" 2 f -— ] (2.18) 
\ 1km / 

for Am 2 un ~ 10 _5 eV 2 and p ~ lMeV. Hence, the phase 77 is negligible in the CHOOZ 
and Palo Verde experiments, which have a baseline of about 1 km, but is not negligible in 
the Kam-Land experiment, which has a baseline of about 150 km. From Eqs. (|2.17| ) and 



( |2.18j ) one can see that the phase rj is a function of neutrino energy and is of order 1 for 



Kam-Land. For a vacuum oscillation solution of the solar neutrino deficit the corresponding 
phase is always negligible in LBL experiments. 

In order to derive a bound on the survival probability Pj^p], it is convenient to write it 
(in scheme A) as 



p (LBL,A) 



|t/ el | 2 + |^ 2 | 2 exp {-i^L 
+ {\U e3 \ 2 + |f/ e4 | 2 ) 2 - 2\U e3 \ 2 \U ei \ 2 (1 - cos??) . (2.19) 



It is clear that this probability is bounded from below by 

> (1 - C e ) 2 - 2|£/ e3 | 2 |f/ e4 | 2 (l - COS 7]) 



> (1 - c e ) 2 cos 2 - , (2.20) 



where we have used the definition of c e given in Eq.( 1.13| ). Taking into account the constraint 
( |1.11| ) on c e , we obtain 

l-PS<l-cos 2 |(l-a°) 2 . (2.21) 



2 



In the case of a small mixing MSW solution of the solar neutrino problem, either \U e s 
or \U e 4;\ 2 is very small and the contribution of the term 2 IL^I 2 \ U e 4\ 2 (1 — cosr/) in Eq.( |2.19D 
is negligible. Hence, in this case the vacuum bound Q2.7p on 1 —Pp^> e is valid for all reactor 
LBL experiments, including Kam-Land. This bound is represented by the short-dashed line 
in Fig. Hfor the Kam-Land experiment. 
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In the case of a large mixing MSW solution, the contribution of the term 
2 |t/ e3 | 2 \ U ei \ 2 (1 — cost]) in Eq. fl2.19|) is not negligible. It is evident from Eq. (|2.17|) that the 



bound ( |2.21| ) depends on the neutrino energy. For example, assuming Am^ ~ 10 5 eV 2 , 
for p = 2, 4, 7MeV we have, respectively, r] ~ 1.9, 0.95, 0.54 and cos 2 § ~ 0.34, 0.79, 0.93 in 
Kam-Land. The bounds derived with Eq. fl2.21|) corresponding to these neutrino momenta 
are represented by the dotted, dash-dotted and dash-dot-dotted lines in Fig. £| for the Kam- 
Land experiment. One can see that for neutrino energies around 2 MeV the upper bound for 
1 — P^^p e in Kam-Land practically disappears. Hence a measurement of a large transition 
probability 1 — P^^p e in the Kam-Land experiment at neutrino energies around 2 MeV and 
a suppression of the same probability at neutrino energies bigger than about 4 MeV would 
be an indirect indication in favour of the large mixing angle MSW solution of the solar 
neutrino problem. 

If a large mixing MSW solution of the solar neutrino deficit is realized in nature, the value 
of Am 2 un could be determined by an experiment like Kam-Land, having a sufficient neutrino 
energy resolution. Considering Eq. (|2.19|) and neglecting the first term on the right-hand side 



which is suppressed by (c^) 2 we obtain 



iS: A) * (1 - cef - 4 |C/ e3 | 2 |£44| 2 sin 2 \ . (2.22) 
As a function of p this survival probability has maxima at 

Am 2 un L 0,1,2,...). (2.23) 

A measurement of these maxima would allow the determination of Am 2 . 



III. MATTER CORRECTIONS 

In this section we will derive the expressions for the LBL transitions in matter in the 
schemes ( |1.3| ) with mixing of four neutrinos. These schemes contain active and sterile neutri- 
nos. In such a case, in the effective Hamiltonian of the interaction of neutrinos with matter 
there is an additional neutral current term apart from the usual charged current term. For 
the total Hamiltonians of neutrinos and antineutrinos we have the following expressions in 
the flavour representation [EJ: 

Hv = h (™ 2f/t + diag (gcc ' °' °' aNc) ) ' (3,1) 

Hp = kp { U *M 2 U T - diag (acc, 0, 0, a NC )^j . (3.2) 

Here we have defined 

acc = 2V2G F N eP ~ 2.3 xHT 4 eV 2 f 9 - ) (j^rz) , (3.3) 

\3gcm~' :i / VIGeV/ 

a NC = V2G F N n p ~ 7^ acc , (3.4) 



10 



M 2 denotes the diagonal matrix of the squares of the neutrino masses, Gp is the Fermi 
constant, N e and N n are the electron and neutron number density, respectively, and p is the 
density of matter, which in the Earth's crust is on average 3gcm~ 3 . Since the lithosphere 
consists mainly of elements where the neutron number equals the proton number, we have 



N e ~ N n ~ ^ry^, where is the Avogadro number. The parameters acc an d a NC can be 
as large as Am 2 tm , which is relevant for LBL oscillations. Their effects on the bounds for 
transition probabilities in LBL experiments need not be negligible, as we shall see. 

In order to assess the size of matter effects, we consider the simplifying approximation 
of constant N e and N n , which is rather good in the case of LBL experiments. Furthermore, 
in the following we will concentrate on the scheme A and we will consider only the neutrino 
Hamiltonian (|3.1| ). At the end of this section we will see that, as in the vacuum case, the 
bounds obtained for neutrinos in the scheme A are also valid for antineutrinos in scheme A 
and for neutrinos and antineutrinos in scheme B. 

In order to obtain the expressions for the transition probabilities of neutrinos in matter, 
we have to diagonalize the Hamiltonian (|3.1|) . With the diagonalization matrix U' we have 

Hu = U'^-U* (3.5) 
2p 

where e = diag(ei, . . . , e 4 ) and U^U' = 1. Note that in the vacuum case U' = U and ej = m 2 
(j — 1, ... ,4). It is convenient to use the basis where H Q = H u (a>cc = a NC = 0) is diagonal. 
In this basis we have 

H v = U ] H U U = ^ (m 2 + f/t diag ( acc> o, 0, a NC )u) = ^ReB? (3.6) 
and the unitary matrix U' is given by 

U' = UR. (3.7) 

Since acc Am 2 , where Am 2 = ml — m\ ~ 1 eV 2 is relevant for SBL oscillations, it is 
obvious that, apart from corrections of order acc I Am 2 , the matrix R has the block structure 

r= ( R Tr° V (3 - 8) 



sun 



where -R a tm and R snn are 2x2 unitary matrices. All our considerations in this paper are 
based on this approximation. A glance at Tab. | shows that the ratio dec I Am 2 is less than 
10~ 2 for all the LBL experiments of the first generation. The block structure of R has the 
consequence that 

E KM = E U °* U h ( 3 - 9 ) 

J=l,2 j=l,2 



and therefore 



Ca= El^il^El^l 2 - ( 3 - 10 ) 

i=l,2 j=l,2 
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It is easy to calculate the energy eigenvalues up to terms of order ape/Am 2 . We are 
interested in the differences e 2 — e\ and e 4 — e 3 . Defining 



| Z7q,i | 2 = c a cos 2 7 a and | U a 2 1 2 = c a sin 2 j a for a = e, s 



(3.11) 



and 



<y = arg(£7 el ?7 e * 2 £/; i £7 1 , 2 ) J y e 



Am 2 ! ' 



a NC c s 

Am 2 21 



we obtain for the atmospheric neutrino sector 



£2 - ei 



Am 



21 



1 1 - y e e 2i7e - y s e 



3 2j7 S i 2 _ 4y e ^ s s j n 2^/ e sin sin 2 



1/2 



Similarly, with 



\U, 



tt3 1 



1 — Co) cos 2 7^ and |Z7 ( 



1 — c a ) sin 2 7^ for a = e,s 



ad 



(3.12) 



(3.13) 



(3.14) 



and 



X l (TJ TT* TT* T T \ I a CC{^ ~ ^s) I Q 'N C ' ~ C S 

5 = arg {U e3 U e4 U s3 U s4 ) , y e = — — , y s = 

Am 
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Am 43 



we have for the solar sector 



e 4 - e 3 = Am 2 3 



1 - y e e z - -« - y s e- 



^yWs sin 2 7e sin 2 7 ; sin - 



1/2 



(3.15) 



(3.16) 



Looking at Eq.( [3.3| ) or Tab. | it can be read off that acc is not necessarily smaller than 



Ami relevant for LBL neutrino oscillations and thus e 2 — e% could be different from A 



m 



21- 



Since Am^ is of the order 10 or 10 eV , in the solar sector acc is much larger than 
the relevant mass-squared difference Am 2 un except for reactor experiments with the MSW 
solution of the solar neutrino puzzle (see Tab. [[]). In any case, e 4 — €\ ~ Am 2 holds and 
therefore the LBL oscillation probabilities averaged over the fast oscillations due to Am 2 
are given by 



p(LBL,A) 



^Xi ex p 



i=i,2 



2p 



fc=3,4 



U 0k U ak eX -P 



-i E ±L 
2p 



(3.17) 



analogously to the vacuum case (see Eqs.( [2.1|) and ( p.2|) ). 

A first upper bound on pj)]^J fj is obtained by simply applying the Cauchy-Schwarz 
inequality to Eq. ( |3.17| ). Taking into account Eq. (|3.10|) this leads to 



P^ L J<c a c^ + (l-c a )(l-c p ). 



(3.18) 



It is remarkable that with Eq.( |3.18| ) we have recovered Eq.( |2.15| ) of the vacuum case. The 
present discussion reveals that this equation is correct in matter apart from terms of or- 
der acc /Am 2 . Eq.(|3.18|) is also valid for antineutrinos because the unitary matrix which 
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diagonalizes H p also has the block structure ( |3.8|) and in Eq.( |3.10|) the phases of U do not 
enter. 

To derive matter corrections to the other bounds developed in section [Tl] it is convenient 
to write Eq. (|3.17|) in the form 



where 



P^t ] = PL^s - 2 Re [U'caUfcUZU'fH (1 - exp 



-iuj 



(3.19) 



PL 



and 
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e 4 ~ e 3 
2p 



L. 



(3.20) 



(3.21) 



The Cauchy-Schwarz inequality and Eqs.( [3.9|) and (|3.10|) allow to bound the expression 
Eq.(ggOD for a ^ (3 by 



1 1 
-^A a . p < P' Va _ V0 < c aC/3 + -A a . p 



For a = (3 we have instead 



<P'u 



<ci + (i 



(3.22) 



(3.23) 



These two equations are the analogues of Eqs. (|2.6j ) and (|2.5|) , respectively. Matter correc- 
tions are characterized by the parameter u. For lu = the vacuum bounds on Po^j) B ensue. 
Inspection of Eq.( |3.16| ) shows that, taking into account Eqs.fl3.3p and (|3.4j), if y' es 3> 1 the 
maximal value of the parameter u is given by 



3 accL 
2 2p 



~y/2G F N e L 



8.6 x 10" 



lkm 



(3.24) 



for p = 3 gem -3 . Note that in this case co> ma x does not depend on the neutrino energy, but 
only on the propagation distance L. Hence, the matter corrections to the bounds for the 
LBL transition probabilities that we will derive in the case y' e s ^> 1 are independent from 
the neutrino energy and the corresponding bounds apply to all the energy spectrum of LBL 
experiments. From Eq. (|3.24|) one can see that these matter corrections could be relevant for 
L > 100 km. The size of co> max in the individual LBL experiments can be looked up in Tab. 
|. This parameter is not small for the MINOS and ICARUS experiments. In Tab. | the 
CHOOZ and Palo Verde experiments are not listed because their respective neutrino beams 
do not propagate in matter. Anyway, for baselines around 1 km matter effects are totally 
negligible, as can be seen from Eqs. (|3.19| )- (|3.24j) . 

The condition y' e s 3> 1 is satisfied in all the LBL experiments of the first generation if 
Am s 2 UI1 is either in the range of the MSW or of the vacuum oscillation solution of the solar 
neutrino problem, apart from the LBL reactor experiments if the MSW effect is responsible 
for the solar neutrino deficit. In this case we have Am. 



2 

sun 



^> acc-, which implies that y' es <^ 1 
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and u ~ rj given in Eq. fl2.17j) . Furthermore, since in this case acc is much smaller than all 
the Am 2 's, the mixing matrix in matter is the same as in vacuum and the oscillations in 
LBL reactor experiments are the same as in vacuum. Hence, this case coincides with that 
discussed in section [II B[ 

For the same reasons as in the case of Eq. fl3.18| ), the two inequalities ( |3.22| ) and ( |3.23| ) 



also hold for antineutrinos. The oscillation probabilities for scheme B follow from Eq.( p.l7|) 
with the substitution of indices 

1,2^3,4. (3.25) 



Since the conditions (|1.12|) for scheme B emerge from the corresponding conditions fll.ll 



through the same substitution ( |3.25| ), all the bounds derived for the scheme A hold likewise 
for the scheme B. 

A. A bound on pfH^ e stable against matter effects 

Repeating the discussion of section [TI| for completeness, the bound ( |3.18| ) is non-trivial 
for the case of — > v e transitions and thus we obtain 

C!< fl ° + <- 2 «' (3-26) 

As argued before it holds for both schemes A and B and for neutrinos and antineutrinos. In 
Figs. ^| and |3| the upper bound (|3.26| ) is represented by the dotted curve. 



B. The bound on PfJ^X 



From Eqs.( p.l9|) and (|3.23| ) with a = (3 = e we get the lower bound 



> (1 - Ce) 2 ~ 2|C4| 2 |£4| 2 (1 - COSC) 



OJ 



> (l-c e ) 2 cos 2 -. (3.27) 
Finally, with Eq. ( |1 . 1 1| ) we arrive at the result 



l-«S<l-cos 2 |(l-a°)\ (3.28) 

In the approximation y' e s 3> 1 the parameter u is equal for neutrinos and antineutrinos. 
Therefore, like the bound ( 3.26|) , Eq. fl3.28|) holds for both schemes and for neutrinos and 



antineutrinos. 

Taking into account the value of cu ma x for the Kam-Land experiment in the case of a 
vacuum oscillation solution of the solar neutrino problem (see Tab. |), this equation shows 
that matter effects are not negligible in establishing the upper bound for 1 — P§^) e in this 
experiment. This upper bound is shown by the solid line in Fig. |4] and one can see that 
there is a small deviation from the vacuum bound (short-dashed line) for small values of 
Am 2 . However, the vacuum bound is not substantially modified and the bound in matter is 
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well below the sensitivity of the Kam-Land experiment (represented by vertical long-dashed 
line). Hence, in the case of a vacuum oscillation solution of the solar neutrino problem the 
sensitivity of the Kam-Land experiment is not enough to observe v e — *> v e in the framework 
of the 4-neutrino schemes (|1.3| ). 

Conservation of probability leads to 

P^l < 1 - PS (3-29) 

and therefore Eq. (|3.28|) also bounds Pj^!^. In LBL accelerator experiments, the initial 
neutrinos are i/^'s and not i/ e 's. If, however, CP is conserved in the lepton sector, it follows 
from the CPT theorem that the transition probabilities in vacuum are invariant under time 
reversal, i.e. P Ua ^ U/3 = P v ^ Va . In this case, the probabilities of v a — > vp and vp — > v a tran- 
sitions are equal also in matter if the matter density is symmetric along the neutrino path. 
In general, however, these two probabilities are different. Nevertheless, from conservation 
of probability we obtain 

PS^X < 1 - « < 1 - cos 2 | (1 - al) 2 . (3.30) 



Eq.( |3.30D is the matter-corrected version of Eq. fl2.12p . For the K2K experiment sin 



10 is small, but for the ICARUS and MINOS experiments we obtain sin u; max ~ 0.09 and 
therefore, in the case of these two experiments, matter effects are considerable in the bound 
( p.30| ) on the probabilities of LBL — > v e transitions. In Figs. [|and [5] the long-dashed lines 



show the bound (|3.30| ) for the K2K experiment and the ICARUS and MINOS experiments, 
respectively. 

Note that the right-hand side of Eq.( [3.28| ) also constitutes an upper bound for P§^) T . 



C. The upper bound on Ps^) e 

Now we come to matter corrections to the bound (|2.9|) on P^H) e which incorporates 
information on A^. e . The starting point is given by Eqs.( |3.19| ) and ( |3.22| ). To proceed 
further it is necessary to develop a parameterization for U' a y Without loss of generality we 
can write 

U' ej = VT^ e efl 2 for j =3,4, (3.31) 
with the orthonormal basis 

e« (0) = (cos 6, sin 6) , e (2) (6) = (- sin 6, cos 6) . (3.32) 
We expand U' j with j = 3, 4 with respect to this basis as 

= V^E^i' ( 3 - 33 ) 

p=l,2 

where pi and P2 are complex coefficients such that 
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El* 

p=l,2 



2 



1 . (3.34) 



Using this parameterization, from Eqs. (|1.6| ) and (|3.9| ) we obtain 

A Ke = 4(l-c e )(l-c M )b 1 | 2 . (3.35) 
With these equations we eliminate |pi| and \p2\ and defining a = arg(p*£>2) we arrive at 

P^l < C e C, + + (1 - COS^)| 



1 1 

-(1 -c e )(l -c„) - -A M;e 



sin 2 20 



1 



A M;e [4(1 - c e )(l - c M ) - A we ] sin 46* cos a 

1 



sina;yyi M ; e [4(1 - c e )(l - c^) - A we ] sin 29 sin cr . (3.36) 

Since we do not have information on the values of 9 and a, we have to maximize the right- 
hand side of Eq. ( |3.36| ). The maximum with respect to cr is easily found: the maximum of a 
function a cos cr + b sin a with constant a and b is given by V a 2 + b 2 . It remains to find the 
maximum with respect to sin 2 29 for the resulting function. One can show that, if cosu; > 0, 
the maximum is given by sin 2 29 = 1. This is the case for the K2K, MINOS and ICARUS 
experiments because co> max < it/2 and therefore the following bound applies: 

< C e C^ + - COSUjA Ke + i(l - COS u) (1 - C e ) (1 - C„) + 



+ isino;VV [".1 - )(.! - '>) - ^ /(:( ] . (3.37) 



In this inequality it is difficult to take into account analytically the conditions ( jl.llp , (1.15) 



and to < u; max . Hence, we have done it numerically and the result is shown by the solid 
curves in Figs. and|3|. In both figures the solid curve is the most stringent bound on ^->^ e 
transitions with matter effects. These two solid curves belong to the main results of this 
paper. It is interesting to compare the solid curves in Figs. ^| and [3] with the short-dashed 
lines which represent the corresponding bounds in vacuum. For the K2K experiment the 
solid line deviates from the short-dashed line only at Am 2 close to 0.3 eV 2 , the lower edge 
of the range (|1.2| ). The same is true for the MINOS and ICARUS experiments except that 
the deviation starts at larger Am 2 values and is more pronounced at the lower edge of the 
shadowed 

As in the previous sections, the bound ( |3.37| ) is valid for neutrinos and antineutrinos. 
Although the parameters 9 and a are in principle different for neutrinos and antineutrinos 
the maximization procedure wipes out any difference in the bounds. 

D. The lower bound on Pu^^ui 



Since the LSND experiment has seen a positive signal for P\f B ^, this experiment provides 

)wer bound for the amplitude of v^- 
as in the previous section one derives 



a lower bound for the amplitude of — >v e transitions (see Eq.( [2.14|) ). Using analogous steps 
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P^X > ~ cosu; A^. e + i(l - cos u) (1 - c e ) (1 - c M ) 



-- sin lo y A M;e [4(1 - ce)(l - c„) - A M;e ] . (3.38) 

Now we have to minimize the right-hand side of Eq. ( |3.38[) with respect to c e and c M with 
the bounds ( |1.11| ). This procedure leads to the following result: 

P^ L J e >0 for A we <2(l-cosu;)aJ (3.39) 



and 



PjJS > j cosaM M;e + -(1 - cosa;)aJ - - sin u yj A we (4a° - A M;e ) 

for A M;e > 2 (1 - cosa;)a° . (3.40) 



Eq. ( p.39|) states that has to be sufficiently large otherwise the non-trivial lower bound 
in vacuum (u = 0) becomes trivial. 

Taking uj = 0.63, the maximal value of the parameter uj for the ICARUS and MINOS 
experiments (see Tab. |), the condition for a trivial lower bound on P^tJ e is given by 
A M;e < 0.3 a . Looking at A™ n of the LSND experiment and the function a° one sees that 
indeed this condition is fulfilled. Thus matter effects make the non-trivial lower bound of 
the vacuum case disappear. For the K2K experiment the analogous condition for triviality 
is given by A Wfi < 0.04 a°. Here the triviality condition is not fulfilled but K2K does not 
seem to have sufficient sensitivity to reach small enough P^^X. However, for such small 
oscillation probabilities it would be necessary to take corrections of order acc/Am 2 into 
account. Thus also in this case the lower bound seems to be irrelevant and the shadowed 
areas (dark and light) in Figs. § and||| show the allowed regions for v^— >u e transitions taking 
into account matter effects for the K2K experiment (Fig. 0) and the MINOS and ICARUS 
experiments (Fig. |3|). 



IV. THREE MASSIVE NEUTRINOS 

It is worthwhile to have a look at LBL neutrino oscillation experiments neglecting some 
of the present hints for neutrino oscillations. It is possible that not all these hints will be 
substantiated in the course of time and it is useful to check which features are actually 
dependent on or independent from them. 

In this section we consider the minimal scenario of mixing of three neutrinos. We will 
assume that of the two differences of squares of neutrino masses one is relevant for SBL 



oscillations and the other one for LBL oscillations (see also Refs. f40|-f42|l). Hence, in this 
section we adopt the point of view that not neutrino mixing but other reasons could explain 
the solar neutrino data. With these assumptions, there are two possible 3-neutrino mass 
spectra: 

LBL LBL 

(I) mi < wi2 C m 3 and (II) mi C m 2 < m 3 . (4.1) 

SBL SBL 
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In both schemes I and II, Am| x is assumed to be relevant for neutrino oscillations in SBL 
experiments. In this case, the SBL oscillation probabilities depend on \U e z\ 2 and |t^3| 2 in 
the scheme I |J7| and on \U e i\ 2 and |£7 M i| 2 in the scheme II P3|. There are three regions of 
these quantities which are allowed by the results of disappearance experiments (see Refs. 



(1) 
(2) 
(3) 



\U ek \ 2 > 1 



\Ufj,k\ 2 



\u, 



ek 



\u, 



ek 



<a 



<a 



\U, 



fik I 



< a 
<a°, , 



(4.2) 



|^| 2 >l--° 



with k = 3 for the scheme I and k — 1 for the scheme II[| (for the definition of a° e and a° see 
Eq-CT)). 

The neutrino and antineutrino LBL oscillation probabilities in scheme I are given by 



p(LBL,I) 



,(LBL,I) 



Upi U* al + U P2 U* 2 exp 
Ujn. u ai + Up 2 U a2 exp 



Amj! L 
2p 

2p 



+ i^ 3 ri^ 3 i 2 



\Uf33\ 2 \U a 3\ 2 



(4.3) 
(4.4) 



The transition probabilities in the scheme II can be obtained from the expressions ( |4.3j ) and 
741) with the cyclic permutation of the indices 



1, 2, 3 -> 2, 3, 1 



(4.5) 



Therefore, as in the case of the schemes A and B for four neutrinos, the bounds on the LBL 
oscillation probabilities are the same in the 3-neutrino schemes I and II. In the following we 
will concentrate on scheme I. 

The bounds on the vacuum LBL oscillation probabilities i?!\ BL ) f or ^he 4-neutrino 



'(-) (-) 

schemes ( |1.3| ) are valid also in the case of mixing of three neutrinos: the demonstrations in 
the 4-neutrino case A (B) can be carried over to the 3-neutrino case I (II) if we put U a 4 = 
(U a \ = and change the indices 2, 3, 4 — > 1, 2, 3) for all a = e, /i, r. It is obvious that, with 
A* ; /3 = 4|L/ / 3 3 | 2 |£/ Q ,3| 2 , the same bounds on i?^ B ( _ 5 arise for a = (3 and a ^ (3 as given by 

Eqs.Q and (gj). 

It is interesting to observe that in the 3-neutrino case there are no matter corrections, 
apart from those of order acc/Am 2 which have been neglected also in the 4-neutrino case. 
This is easily understood by noting that the matrix R ( |3.8D has now a 1 x 1 block i? S un- 
Consequently, there is no analogue to the eigenvalue e 4 of R. This situation corresponds to 
uj = and vanishing matter corrections at the order we are interested in. Let us emphasize 



For a comparison, the schemes I, II and the regions 1, 2, 3 are called hierarchies II, I and regions 



A, B, C, respectively, in Ref. |40|. 
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that this absence of matter corrections is relative to the bounds on the oscillation proba- 
bilities which we are discussing, but in general the oscillation probabilities are affected by 
matter effects through -R atm and e 2 — e\. 

In the following we will give the bounds on the LBL oscillation probabilities for each of 
the regions ( |4.2| ), along the lines of the 4-neutrino section [TI]. 

Region 1. With respect to SBL and LBL neutrino oscillations, the 3- neutrino schemes 
I and II in region 1 correspond to the 4-neutrino schemes A and B, respectively, with the 
same bounds on i^ LB ( L) } (Eq.Q and Fig. 0) and (Eqs. (pl3Q and ( ^T6|) and Figs. 

|and |). 

For completeness, we want to mention that there is a change in the upper bound for 
^-w-) in going from four to three neutrinos: taking into account the inequality c e + c M > 1, 

we have c M > 1 — min(a°, a°) and Eq.( |2.16| ) improves to 

^) B ?) < a " + (1 - K) min(a°, aj) . (4.6) 

For a° e < a° this bound is slightly more stringent than that given by Eq.( |2.12| ), but the 
improvement is negligible for a" C 1. 

Region 2. Actually, this region is excluded by the results of the LSND experiment (see 
Refs. [|57|,^|,[2{|] ) apart from a small interval of Am 2 which might be marginally allowed. 
The reason is that (in combination with other data) the upper bound 

A,. e <4a° e al (4.7) 

is too restrictive to be compatible with the LSND data. In spite of this evidence, let us 
discuss the bounds on the LBL probabilities in this region. 

The restrictions c e > 1 — a°, c M > 1 — a° and the unitarity of the mixing matrix imply 
that c T is small: c T = 2 — c e — < a° e + a°. From Eq. (|2.6j ) it follows that the probabilities 

of ^Vp— >v T andVe— >v T transitions in LBL experiments are confined in the range 

\ A a , T < < - A a , T + a° e + al (a = e, /i) , (4.8) 

whereas for the probability of ^i— >f e transitions we have only the lower bound 



-A < P^ aLj > (A Q) 

The inequality (|2.11 ) leads to the additional upper bounds 

^ B , L) , < K + <) (2 - < ~ <£) (a = e, /*) ■ (4.10) 

We want to mention that the scenario of Ref. |31[] is settled in region 2 and seems to take 
advantage of the fact that Am 2 ~ 1.7 eV 2 is marginally allowed despite of Eq.( [4.7D (see Refs. 
PP| , |54| ). In this way Ref. [51] incorporates the LSND data whereas the atmospheric neutrino 
anomaly and the solar neutrino deficit are taken into account by a single Am 2 tmsun ~ 
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10 2 eV 2 , which allows for the zenith angle variation of the atmospheric neutrino anomaly 
but leads to an energy-independent suppression of the solar neutrino flux that is unfavoured 



by the data of solar neutrino experiments [43,44]. Moreover, it has been shown in Ref. [33 



that a combined analysis of all SBL data excludes this scenario at ~ 99% CL. 

Region 3. In this region, where c e > 1 — a° e and c M < a°, the full set of atmospheric 
neutrino data cannot be explained in the framework discussed here. The reason is that for 
sub-GeV events one has 

P^} } > (1 - alf (4.11) 
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and this is incompatible |29| with the atmospheric neutrino anomaly except for values of Am 
close to 0.3 eV 2 , where there is no zenith-angle variation. The LBL transition probabilities 
of muon neutrinos are confined by 

- A,,, < P£ B V < - A,,, + a\ (13 = e, r) , (4.12) 

whereas for ( v e — >v T transitions there is only the lower bound 

-A e , T <P^. (4.13) 

The inequality fl2.10| ), which is a consequence of probability conservation, leads to 

P£ B V < al (2 - al) <JJ = e,r). (4.14) 

Furthermore, taking into account the inequality c e + c M > 1, we have c e > 1 — min(ag,a°) 
and Eq. fl2.16|) improves to 



P iTiA + K) min (<, al) . (4.15) 
For a° e a° <^ 1 this bound is about half of that given by Eq. (|4.14|) . 



The 3-neutrino scheme of Ref. [J32|| , which lies in region 3, merges the LSND and atmo- 
spheric mass-squared scales and dispenses with the zenith angle variation of the atmospheric 
neutrino anomaly. This is only allowed at Am 2 ~ 0.3 eV 2 (see also Ref. p5| ). If one accepts 
this possibility, the low mass-squared difference is free to be used for a solution of the solar 
neutrino deficit problem. 

The differences in the bounds on the LBL probabilities are marked and could thus serve 
to distinguish between the three different regions in the 3-neutrino case. They also serve as a 
cross-check for present hints of neutrino oscillations. Of course, in the experiments discussed 
the bounds on the transition probabilities in vacuum in the 4-neutrino case (schemes A and 
B) are indistinguishable from those in the 3-neutrino case with region 1. However, LBL 
experiments could distinguish the 4-neutrino case from the 3-neutrino case by measuring a 
transition probability P ( ^ ) B ^} ) or a survival probability P^^l which is incompatible with the 

vacuum bounds but satisfies the bounds in matter obtained in the 4-neutrino case. Such an 
observation would exclude the 3-neutrino case with region 1. 
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V. CONCLUSIONS 



At present there are three experimental indications in favour of neutrino oscillations 
which correspond to three different scales of neutrino mass-squared differences: the solar 
neutrino deficit, the atmospheric neutrino anomaly and the result of the LSND experiment. 
These indications and the negative results of numerous short-baseline neutrino experiments 
can be accommodated in two schemes (A and B) with mixing of four massive neutrinos 
29fl . In this paper we have presented a detailed study of the predictions of the schemes 



A and B for long-baseline experiments. We have discussed what general conclusions on 
the long-baseline transition probabilities between different neutrino states can be inferred 
from the existing data of short-baseline experiments, taking into account the results of solar 
and atmospheric neutrino experiments. We have obtained rather strong bounds on the 
probabilities of v e — > v e and ( ^— *v e LBL transitions. Matter effects were thoroughly taken 
into account and we have shown that they do not change substantially the main conclusions 
drawn from the vacuum case. 

The schemes A and B give completely different predictions for neutrinoless double beta 
decay and for neutrino mass effects in experiments for neutrino mass measurements by the 
tritium method ||29|| . They lead, however, to the same bounds on long-baseline oscillation 
probabilities. In addition, all the bounds that we have derived apply for neutrinos as well 
as antineutrinos. 

We have shown that the results of the short-baseline reactor experiments put rather 
severe bounds on the probability 1 — Pp^p e of v e transitions into all possible other states 
in the long-baseline CHOOZ and Palo Verde reactor experiments. If the Am 2 relevant in 
short-baseline oscillations is bigger than about 3eV 2 , the bound on 1 — P^^l is slightly 
higher than the sensitivity of the CHOOZ experiment, allowing some possibility to reveal 
neutrino oscillations in this channel. However, the results of the LSND experiment favour 
the range 0.3 < Am 2 < 2.2 eV 2 . We have shown that in this range the upper bound for 
the quantity 1 — Pp^^l lies between 10~ 2 and 5 x 1CT 2 (see Fig. [!]) and thus is below the 
sensitivity of CHOOZ and Palo Verde. 

The Kam-Land reactor experiment is very interesting because its baseline of 150 km is 
very long compared to the baseline of 1 km of CHOOZ and Palo Verde. If the solar neutrino 
deficit problem is to be resolved by vacuum oscillations, the situation is very similar to the 
other LBL reactor experiments. The upper bound on 1 — P^^ e is shown in Fig. || by the 
solid line. It deviates from the short-dashed curve, which is valid in vacuum, because matter 
corrections are not negligible though small in this case, due to the long baseline. The bound 
represented by the short-dashed curve in Fig. (| is valid also in the case of a small mixing 
angle MSW solution of the solar neutrino problem. On the other hand, we have shown in 
section ITB that, if large mixing angle MSW resonant flavour transitions are responsible 
for the solar neutrino deficit, the bound on 1 — P§^) e in Kam-Land becomes practically 
trivial at small neutrino energies (~ lMeV). Therefore, if in the Kam-Land experiment a 
large value of 1 — Pp\^) e is found at small neutrino energies, with a suppression at higher 
neutrino energies, we would have an indirect indication in favour of the large mixing angle 
MSW solution of the solar neutrino deficit. 

We have also shown that in this case Am 2 un could be determined by measuring the 
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maxima of Pp^o e as a function of the neutrino energy. There are two conditions that must be 
satisfied in a LBL experiment in order to have the possibility to measure Am^, apart from 
the necessary sensitivity and energy resolution. First one needs Am 2 un a cc in order that 
this measurement is not disturbed by matter effects. Second, Am 2 un L/2p ~ 1 is required. 
These conditions lead to p < 40 MeV and L ~ 40 x (p/lMeV) km for Am^ n ~ 10~ 5 
eV 2 . At present, among the planned LBL experiments these conditions are only met by 
Kam-Land. 

In Figs. H and [3| the solid lines depict the upper bounds on the probability P^ 3 /}, 

of v^—^Vf, transitions for the K2K experiment and the MINOS and ICARUS experiments, 
respectively. In the derivation of the solid curves matter effects are included and thus 
in the schemes A and B such transitions are severely constrained by the results of short- 
baseline reactor and accelerator experiments. The sensitivities of MINOS and ICARUS is 
well below the upper bound for P^ 3 ^ whereas the sensitivity of the K2K experiment might 

be insufficient. If matter effects are neglected, the upper bound on this probability is given 
by the short-dashed lines in Figs. |2] and [3| In all four figures the shadowed regions (light 
and dark) indicate the range ( p..2|) determined by the LSND experiment and the negative 
results of all the other SBL experiments. 

We have shown that there is also an upper bound on long-baseline v e —*v T oscillations 

which is less tight than the one for v^— >u e transitions. It is indicated by the long-dashed 
curves in Figs. |2] and |] which would be relevant if the corresponding experiments would use a 

( u e beam. On the other hand, the long-baseline V^— h/^ and z/^— >u T channels are unconstrained 
with the methods discussed here. 

We have obtained bounds on LBL transition probabilities in the case of the neutrino 
mass spectra ( |1.3|) , which are implied by the results of the solar, atmospheric and LSND 
experiments. If the LSND data are not confirmed by future experiments, but nevertheless 
there is a mass (or masses) approximately equal to 1 eV providing an explanation for the 
hot dark matter problem, then the neutrino mass spectrum can be different from the spectra 
A and B in Eq.( |1.3|) . The natural neutrino mass spectrum in this case is hierarchical and 
the bounds that we have obtained in this paper are not valid. 

We have also made a digression to 3-neutrino scenarios and discussed the bounds on 
the transition probabilities for all possible cases such that the two mass-squared differences 
correspond to SBL and LBL neutrino oscillations. We have argued that for three neutrinos 
matter corrections to the bounds on the transition probabilities are absent, apart from those 
of order acc I Am 2 which have been neglected also in the 4- neutrino case. 

Summarizing, we would like to emphasize that the results of all neutrino oscillation 
experiments lead to severe constraints for the probabilities of v e disappearance and ^v^—^Ve 
appearance in long-baseline experiments. Nevertheless, the allowed region for the probability 
in the u^—^v^ channel is well within the planned sensitivities of the MINOS and ICARUS 

experiments. The channels { v il —*v T and v^-^v^ are not constrained at all. Therefore, from 
the point of view of the present investigation, long-baseline muon neutrino beams provide 
promising facilities for the observation of neutrino oscillations. However, it is important to 
note that future measurements by LBL experiments of v e — > v e and/or i/i—H^ transition 
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probabilities that violate the bounds presented in this paper would allow to exclude the 
4- neutrino schemes ( |1.3|) . 
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NOTE ADDED 



After we finished this paper the results of the first long-baseline reactor experiment 
CHOOZ appeared (M. Apollonio et al, preprint [hep-ex/ 971 1002| ). No indications in favor 
of v e — > v e transitions were found in this experiment. The upper bound for the transition 
probability of electron antineutrinos into other states found in the CHOOZ experiment is in 
agreement with the limit presented in Fig.[l]. 
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TABLES 



Experiment 


(p)/l GeV 


L/lkm 


acc/1 eV 2 


^max 


Kam-Land (vac. osc.) 


10~ 3 


150 


2.3 x 10~ 7 


0.13 


K2K 


1 


250 


2.3 x 10~ 4 


0.22 


MINOS 


10 


730 


2.3 x 10~ 3 


0.63 


ICARUS 


25 


730 


5.8 x 10~ 3 


0.63 



TABLE I. List of the planned LBL experiments (except CHOOZ and Palo Verde where matter 
effects are absent) with their average neutrino momenta (p), the length L of the baseline, the 
value of the matter parameter acc an d the maximal value of the phase uj (given by Eq.( 3.24| )) 
characterizing the matter effects in the bounds on LBL neutrino oscillation probabilities. 
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FIGURES 



FIG.|l[ Upper bound for the transition probability 1 — P^^ e in the CHOOZ and Palo 
Verde experiments (solid curve), for Am 2 in the range lO^eV 2 < Am 2 < 10 3 eV 2 . The 
upper bound was obtained from the 90% CL exclusion plot of the Bugey v e — > v e experiment 
23. The dash-dotted and dash-dot-dotted vertical lines depict, respectively, the expected 



sensitivities of the CHOOZ and Palo Verde LBL reactor neutrino experiments. The shad- 
owed region corresponds to the range of Am 2 allowed at 90% CL by the results of the LSND 
experiment, taking into account the results of all the other SBL experiments (see Eq.(|1.2|)). 



FIG.^. Upper bounds for the probability of — > v e transitions in the K2K experiment. 
The solid curve is obtained by a numerical analysis of Eq. ( |3.37| ) and uses the following 
experimental input: the 90% CL exclusion plot of the Bugey v t 

the 90% CL exclusion plots of the BNL E734 | 



BNL E776 [2j and CCFR [39| v ^ 



experiment 

(-) (-) 



experiments and the 90% CL exclusion plots of the CDHS [35[ and CCFR 
experiments. The solid curve is the matter-corrected version of the short-dashed curve, 
which represents the bound (|2.13| ) valid for neutrino oscillations in vacuum (this curve does 
not need the input of the —>■ experiments). The long-dashed line represents the bound 
( |3.30| ) derived from probability conservation and has been evaluated by using the v e — > v e 
data. The dotted curve depicts the "matter-stable" bound ( ^.26| ), which needs experimental 



input from v e 



and — > transitions. The dash-dotted vertical line represents the 



expected sensitivity of the LBL accelerator neutrino experiment K2K. The shadowed region 
corresponds to the range of mixing parameters allowed at 90% CL by the results of the 
LSND experiment, taking into account the results of all the other SBL experiments. The 
two horizontal borderlines correspond to the limits ( |1.2| ) for Am 2 . The darkly shadowed area 
represents the allowed region if matter effects are neglected. The left edge of this region is 

given by the lower bound Eq. (|2.14j) of LSND on the probability olv^-^v,, transitions. The 
long-dashed curve constitutes also an upper bound for the probability of v e -^v T transitions 
if K2K would use a v P beam. 



FIG.[| The same as in Fig. |2] but the matter corrections now refer to the MINOS 
and ICARUS experiments with the dot-dashed and dot-dot-dashed lines as their respective 
sensitivities. 
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FIG.[|. Upper bounds for the transition probability 1 — P^p] in the Kam-Land exper- 
iment. The short dashed curve (see Eq. fl2.7p ) represents the bound for vacuum oscillations 
(it is identical with the solid curve in Fig. [ip and is valid also in matter if the solar neutrino 
problem is explained by the small mixing angle MSW solution. The solid curve represents 
the bound ( |3.28| ) valid in matter with the value of c^Wx given in Tab. | and it refers to 
the case of a vacuum oscillation solution of the solar neutrino problem. The dotted, dash- 
dotted and dash-dot-dotted lines give the upper bounds for 1 — P^^l at different neutrino 
momenta p in the case of a large mixing angle solution of the solar neutrino problem (see 
Eq.( [2.21|) ). The long-dashed vertical line depicts the expected sensitivity of the Kam-Land 
experiment. The shadowed region and the two horizontal solid lines correspond to the range 
of Am 2 allowed at 90% CL by the results of the LSND experiment, taking into account the 
results of all the other SBL experiments (see Eq. (|1.2| )). 
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